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Abstract 

We give a simple method to calculate the semiclassical D-brane boundary states 
of the bosonic string propagating in an arbitrary curved spacetime in a perturbative 
approach in which the metric gAB and the constant antisymmetric Kalb-Ramond 
field bAB form the general background which is treated exactly. As an important 
particular case, it is shown that at the first order perturbation theory there are D- 
brane coherent states in the d-dimensional AdS spacetime if certain conditions are 
fulfilled by the boundary projectors. 
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1 Introduction 



The D-brane dynamics has been proved useful to understanding a large class of 
physical phenomena such as the black hole structure, the string cosmologies, the 
early Universe, the duality between the Quantum Field Theory and the General Rel- 
ativity, the primordial gravitational waves - to mention just few of the most studied 
problems nowdays. In all these cases, and in many others, the string theory undely- 
ing the D-branes interacts with a strong gravitational field and background massless 
fields in a general spacetime manifold. In the flat spacetime and in the constant Kalb- 
Ramond (KR) field, it is possible to give at least two different interpretations to the 
D-brane: the first one is the (classical) geometric hyperplane on the boundary of the 
string worldsheet and the second one is the (quantum) coherent state constructed 
out of states that belong to the closed string Fock space pQ. There is a strong re- 
lation between these two pictures as pointed out in [2]. On the other hand, there 
is no quantum description of the D-brane in general curved manifolds. Therefore, 
most of the calculations involving D-branes in non-trivial backgrounds rely on so- 
lutions of the low energy limit string theory; quantum effects may not be apparent 
in this treatement. Since a consistent quantum field theory in arbitrary spacetime is 
not available yet, it is not possible to construct an exact quantum D-brane model 
in the most general case. The aim of this letter is to provide a simple method to 
construct perturbative bosonic D-brane boundary states in curved spacetime and in 
the presence of a constant KR-field in which the background fields are maintained 
exact. As an important application, we determine the conditions for the existence 
of the D-brane coherent states at the first order perturbation (strong gravitational 
field) in the ci-dimensional AdS spacetime. 

As is well known, expanding the metric of a strong gravitational field arround 
the flat spacetime leads to an inaccurate theory. Therefore, we are going to apply a 
semiclassical quantization scheme developed to analyse the bosonic string quantum 
dynamics in curved spacetime in O HI [5] . The main feature of this method is that the 
metric is treated exactly while the string fields are expanded arround the trajectory 
of the center of mass in the free falling reference frame. By chossing a local light- 
cone gauge, the string degrees of freedom can be locally split into transversal to the 
geodesic, and longitudinal which are functions of the transversal ones. The transversal 
degrees of freedom can be quantized order by order in the perturbation theory by 
using the canonical quantization methods. The dimensionless perturbation parameter 
is e = \/ttI pianck / Rc where R c is the typical curvature radius of the background. The 
first order approximation is predominant in the case of strong gravitational field 0. 

The paper is organized as follows. In Section 2 we give the semiclassical D-brane 
boundary conditions in a general curved spacetime in the background composed by 
an arbitrary metric and a constant KR-field. In Section 3 we obtain the conditions 
for the existence of the D-brane coherent states in strong gravitational field in the 
AdS spacetime. The last section is devoted to conclussions and discussions. 

^For a review of the application of the semiclassical quantization method see [6]. For more recent 
applications to coherent states and string thermodynamics see [7J |H1 [HI QUI [H] ■ 



2 Semiclassical D-brane boundary conditions 



Consider the bosonic string in a curved background in the presence of a KR-field. 
Let {Nj'Yap), a, /3 = 0,1 be the two dimensional world-sheet of boundary dN and 
(M,gAE>), A,B = 0, 1, . . . , d — 1, be the d-dimensional target space. The string co- 
ordinates are the components of the analytic embedding </> : N <^-> M. The classical 
string dynamics is defined by the non-linear cr-model |12| 

S[j,<t>,g(<t>),b{<j>)] = U d 2 a^ 

In order to derive the conditions for the existence of semiclassical D-brane boundary 
states, we take N = S 1 x R + and pick up the conformal gauge ~f a p = r} a p. Also, 
we take the KR-field constant. Then the equations of motion, the energy-momentum 
tensor and the Virasoro conditions are given by the following relations 

4> A -4> A "+ri c (c t) )^ B ^-4> B 'ct> c ')=o, (2) 

T af3 = gABda^d^ - ^q aP (r} XS 9AB + qe X5 b AB ) d x ^ A d s ^ B , (3) 

= 9AB (<W + <t> A '<t> B> ) = b AB ^ A ^ B ' = 0, (4) 

where 4> A = d T 4> A , 4> B ' = d a (f> B , r G M+ and a G [0,vr]. The relations ©, and 
(JU) hold only if the boundary terms on dN vanish. This is achieved by imposing 
either Dirichlet or Neumann boundary conditions on each string field (f> A . Different 
D-branes are defined by mixtures of Dirichlet and Neumann boundary conditions 
which can be written in terms of the projectors (P±) AB = \ (gAB ± Rab) [T5] , IT3| , IT5] 

(P + ) A [<P B ' - qb^ C ) \ dN = 0, (P-) A 5<j) B \ dN = 0, (5) 
where the matrices Rab satisfy the following relations 

RcRb = $B, 9abR%B% = 9CD- (6) 

In curved background, the free string moves along the trajectory of its center of mass. 
That is a geodesic 4> A (t) that fulfills the following set of equations 

00 (r) + r^(0 o )^(r)^(r) = 0, 9ab{<M$$ = -m 2 a' 2 , (7) 

where the parameter of the geodesic is chosen to be the variable r. Following [cHHHIO, 
we perform the expansion of the string fields 4> a (t,ct) in powers of e 

oo 

<j ) A (r,a) = Y,e n ( f> A (r,a), (8) 

n=0 

with the boundary condition (f> A (r, a) = 4> A (r). By interpreting the string coordi- 
nates as quantum fields and using the relations © and (jSJ), the perturbative D-brane 
boundary state \B) is defined at each order in e as the state from the Hilbert space 
of the bosonic string that satisfies the following equations 

(P + ) A b%$\ dN \B) = 0, (P.) A 54> B \dN\B) = 0, (9) 
(P+) A (ff - qbUi ) \dN \B) = 0, (P_) A 54> B \ dN \B)=0, z = 1,2,... (10) 



■) "{<T)gAB{<l>) + ~e olP bABl4>) 



d a (f> A d^ B . 



Some remarks are in order here. In general, the state \B) does not have a simple 
interpretation in terms of quantum string excitations since the string modes, beside 
their interaction with the background fields, interact among themselves. Nevertheless, 
the terms of the power expansion ([8]) are organized such that at the first order 
perturbation in e there are only terms from the interaction of the string excitations 
and the background fields. The string Fock space is completely determined at the first 
order perturbation theory by the Virasoro conditions, and it contains only the states 
of the free transversal string excitations H. Note that the first order approximation is 
predominant for large scalar curvature compared to the string scale. That is the case 
of, for example, the black-hole background with black-hole mass larger than string 
energy, and the cosmological backgrounds [31 0] . 

Let us consider the strong gravitational field approximation. Since in the gravi- 
tational field the string is massive, one can introduce d — 1 polarization vectors n A 
which satisfy the following relations 

g AB (cf>o)n A <j> B = 0, g AB (cf>o)n A n B = S ab , g AB {cjP) = --L^* + n Aa n B , (11) 

where a,b = 1,2,..., d— 1. The SO(d— 1) gauge symmetry of the polarization vectors 
can be fixed by choosing the covariant gauge <fi A V A n B = 0. The first order string 
fields <p A can be written in terms of polarization vectors 

4>f(T,a) = ^(T,a)n A , (12) 

where the normal string excitations (p a (T,a) have the standard Fourier expansion 

V a (T,a) = Y,C a k (r)e-^. (13) 

fcez 

The string operators C ka satisfy the following equation of motion 

C ka (r) + (k 2 5 ab - R AB cDnSb^^) C b k (r) = 0, (14) 

where Rabcd is the curvature tensor associated to the metric g AB - By plugging the 
relation (|12p into the equation (|10p one obtains the following set of equations 

(P + ) A .{k5§+qb B d T )nCC a k (0)\B} = 0, {P-) A n B SCffl) \B) = 0, k e Z. (15) 

The equations (fl~5j) define the first order perturbation bosonic D-brane boundary 
states in a strong gravitational field and in the presence of a constant KR field on an 
arbitrary manifold M in the center of mass reference frame, written in terms of the 
string mode operators. Since we have perturbed the string fields around a geodesic, 
the above equations have a local character. In many backgrounds, the operators C?(t) 
have a simple interpretation in terms of creation and annihilation operators acting 
on the Fock space of the free string modes in interaction with the background metric. 
That occurs, for example, in the black-hole anti-de Sitter, de Sitter and anti-de Sitter 
backgrounds, to mention just few of them [6|. In these cases we can look after D- 
brane states similar to those that exist in the flat spacetime. In what follows we are 
going to specialize our discussion to the important case of the ^4^5" spacetime. 



2 Since in any non-inertial reference frame one can choose a local coordinate system, the longitudinal 
excitations can be expressed as functions of the transversal ones [5]. 



3 First order D-branes in ^4d#-spacetime 



The AdS background does not support a conformal quantum string theory in arbi- 
trary d dimensions. However, the black-hole AdS spacetime is an exact solution of 
the string theory in d = 2 + 1 dimensions [16]. In the semiclassical approach, the 
conformal generators and the first order string fields are independent of the black- 
hole mass at the first order perturbation theory. That allows one to generalize the 
semiclassical quantization in the first order perturbation to the AdS spacetime of 
arbitrary dimension [17] . In this case, the Fourier expansion (|13p takes the following 
form 



k^O 



2\k\ fiji 



+ 



2m 



a' 



I \ 3 r 



a p -ik(n k T-a) _|_ pa e ~ik(n k T+a) 



a h e 



ima „ into. 



(16) 



where, I = H~ l and H is related with the cosmological constant by A = — (d— l)(d— 
2)H 2 /2. The perturbation parameter in the AdS spacetime is e = a' 2 l. The factors 
= are defined as 



1 



m 2 a' 2 



(17) 



The relation (|16p represents the decomposition of the first order string excitations in 
terms of transverse oscillators of frequencies oj^ = \k\ O*., for k / and ujq = ma' /I. 
The operators a^ and /3? are creation and annihilation operators of the right- and 
left-modes for k < and k > 0, respectively. Indeed, one can easily show that they 
satisfy the following relations 



a i 



Pk — {P-k) 



PS = K) f 



a a k , Pi 



6f 



a ,a 



tab 



(18) 
(19) 

(20) 



for all k, s > 0. As in the flat spacetime, one can define the physical Hilbert 
space of the first order free excitations by imposing the quantum Virasoro con- 
ditions Lf\i/j p hy S ) = L% \ip phys ) = 0, V7c <E TL\ and (L% - 2^a'a) \ip p h ys ) = 

Lq — 2-Ka'a^ \ipphys) = for zero modes. These relations should be supplemented 
by the level matching condition which takes the following form 



d-l 



fc>0 a=l 



l^phys) = 0. 



(21) 



The operators L£ and L? are the Virasoro operators. They are defined as the Fourier 
coefficients of the energy-momentum components T±± in the worldsheet light-cone 
coordinates as in the flat spacetime. The operators and act on the Fock space 
constructed from the vacuum state |0) that is annihilated to zero by all creation 
operators [T7] . 



In order to obtain the first order .D-brane boundary conditions, one has to plug 
the relation (|16p into the equation (|15p . After some calculations, one arrives at the 
following boundary state equations in the Fock space of the string perturbations 

'utat + vi$)\B) = 0, (22) 

+ vt(3t)\B) = 0, (23) 
w A (ffi-a a )\B)=0. (24) 

where k > 0. Here, we have used the following notations 

Afc B = $b + Q^kb^, X A B = 6 a - qn k b^, (25) 
ut = (P + )i\* c nC, vi = (P + )i~\* c nC, w A = (P + ) A B b B c n c a . (26) 



The equations (|22p . ()23[) and (|24p represent the boundary state equations in the Fock 
space of the first order string perturbations in strong gravitational field and in the 
presence of a constant KR-field (torsion field) in the AdS spacetime. The boundary 
state equations are expressed in terms of free string oscillation modes. Therefore, it 
is interesting to see whether they admit .D-brane coherent state solutions. 
Consider the following ansatze 

\B) = exp h?EE S ° ba ° a °) exp ( E E a l^ka9ABvgp b A |0> , (27) 

V 0=1 6=1 / \ k^O a,b=l A,B=0 J 

where g,f are constant phase factors and \B) is defined up to a normalization con- 
stant. A little algebra shows that the above ansatze is a solutions of the boundary 
equations ([22]) and ([23]) only if / = — 1 and 

uluf = vtvf = 9 AB ■ (28) 



By using the relations (jTTj) . ([2511 and (126]) . one can express the constraints (I28j) as 
relations among the components of the projector (P + )ab that defines the Z)-brane. 
The final relation has the following form 



(P + )i [(P + fn (4>UE + l 2 tf k b B E b D F + mWg EF )) + m 2 a' 2 (P + ) J g DC 

= m 2 a' 2 g AC , VA: > 0. (29) 



The zero mode part of \B) can be calculated by using the equation (1241) . It follows 
that g = 1/2. 

In conclussion, there are D-brane coherent states of the form (j27[) in the AdS 
spacetime at the first order in the perturbation theory provided that the correspond- 
ing projectors satisfy the equation ([29]) . 



4 Conclussions and Discussions 

We have used the semiclassical quantization method to derive the perturbative D- 
brane boundary conditions in curved spacetime and in the presence of a constant 
KR-field. The strong gravitational field corresponds to the first order perturbation 



theory for which the boundary equations in arbitrary background metric have been 
derived in the equations ([9]) and (fTUj) . In the AdS background, the first order boundary 
conditions have been written in the Fock space of the free transversal string modes in 
(|22p-(j24p. We have shown that there are D-brane coherent states that satisfy these 
equations if the projectors that define the D-brane fulfill the equation (j29l) . 

Let us discuss some particular cases of the equations (j29[) . In the torsionless AdS 



background, the zeroth order string coordinates </>q 's have simple relationships with 
the matrix Rab- Indeed, if there is a tensor that satisfies the relation 

ngg (8 E A 5 F + 2R E 5 F + R E A R F B ) = 5 E 5 F , (30) 

then it follows from (|29[) that 

<j> A <j> B = 2m 2 a ,2 [Il(g-R)] AB . (31) 

In general, <p A ^ from which it follows that a' 7^ 0. On the other hand, in the 
particle limit T — ► oo the equation ([29]) is reduced to 

R B cV k CD = V k BD - " fl^&i&SWf, Vfc > 0, (32) 

where V AB are the components of arbitrary tensors V/% that should depend on k. The 
integrability of the projector P + expressed by the relation [15] 

(P + ) A 3 (P + f D] (P + )i c = 0, (33) 
imposes the following constraints on the tensors Vfc 

V& {P + f B ] (P+)% c = \ [^od^ (P + f B ] + q 2 Ql^^b ND b^ (P + fJ] (P + )% c , 

(34) 

for all k > 0. Note that the limit of vanishing KR-field can be safely taken in the 
equations ([32]) and ([3^]) . 
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